A numerical study of dynamic instabilities and vibrations of mechanical systems with friction is presented. Of particular interest are friction-induced vibrations. selfexcited oscillations and stick-slip motion.
Introduction
Cont<\ct <\nd friction phenomena ha\'c been of interest to researchers since tile historical lI'orks of :\lI1ontons (1] and Coulomb [17) . Ex-''''I'inll'ntal results relalpd to friction and corresponding theorips '! 'n'lon,," hpfol'p fhp ..aI'''' I'Hins art' "nll1l11al'ized in tl .., .' l30wden and Tabor (11.12] . As it g(~IH:ral rule, all aspects of Iridional behavior lI'ere attributed to specific prope~t.ies of the contacting surfaces. In particular. t.he difference between static and kinetic friction lI'as assumed to be an intrinsic property of the frictional interface.
It wasn't until recently that the importance of the dynamic characteristics of the testing apparati in the results of frictional experiments was explicitly 1I0ted. Although discrepancies be· tween the results of frictional experiments performed on different apparati were noted by various researchers (see, e.g., Burwell and
Rabinowicz (16] , Bowden and Tabor [12] ), the first clear statement of the importance of the dynamic characteristics and vibrations of the appratus is dnc to Tolstoi [58) and Tolstoi, Borisova and Grigol'Ova 159J. These researchers investigated kinetic friction experimentally iu the pl'esencp (and absence) of vibrations. They concluded that the intO/lice coeflicicnt of friction does not explicitly depend on sliding \'(·Iocity. and thai. the difference betllw 'll , .... "tlil/(/' fllt slatic ane! kill<,tic co"lIki"III.' of friction is t he (,Oll"'~1 [.151 . Godfrey [21] or more recently Broniec and Lenkiewicz (1.1). Aronov. D·Souza. [~alpakjian and Shareef (5.6] and Chiou, Kato and Ahc' [19] . [42] obtained a good qu;tlitati\'(: modeling of general experimental obsen·ations. This approach lI'as later sl.udieJ by Oden el. all43} and by TII'orzydlo aud Becker [GO] . wlto applicd it to Ilumerical modeling in the re-I .. ,·t iOIl of s!.at.ic friction hI' viural.ions. The results obtained wen' in vcry good agreement lI'ith experimental observations of Tolstoi [58] .
In this paper we investigate further possibilit.ies of the application of the Odcn/l\lartills lilt/del to realistic modeling of tl)l' phenomena of dynamic friction. Our analysis focuses on the typical pin-on-disk experimental apparatus, which is representative of a broad class of mechanical sliding systems. In particular, we study self-excited oscillations of the slider and basic mechanisms leading to these oscillations, as well as parameters of the system affecting their occurrence. The general objective is to obtain qualitative and quantitative agreement between numerical predictions and experimental observations. As a particular object of our computations we have selected the representative pin-ondisk apparatus investigated experimentally by Aronov, D'Souza.
Kalpakjian and Shareef [6] and later by Dweib and D'Souza [24) and D'Souza and Dweib (23).
The paper consists of two general parts. In the first part (Sections 2 through 4) we present a brief discussion of the most important phenomena affecting the nature of dynamic friction and the value of the kinetic coefficient of friction. We also present numerical model used in our simulations. In the second part (Sections 5 through 8) we present a study of the frictional behavior of a pinon-disk appratus. 'vVestudy the mechanism of self-excited oscil· lations and analyze the most important parameters of the system which affect this occurrence (stiffness, damping, angle of attack).
Then, by means of transient analysis. we study the motion of the system in the self-excited zone and the resulting reduction of the kinetic coefficient of friction.
The theory, numerical approach and observations presented in this work can be generalized to a variety of mechanical systems with friction.
Remarks on the Nature of Dynamic Friction
In this section lI'e review the most important phenomena which affect the nature of dynamic friction, various forms of frictional sliding and the value of the kinetic coefficient of friction. Wt' classify each phenomenon analyzed into one of two groups:
A. phenomena resulting primarily from properties of the interface, and B. phenomena associated with the dynamic characteristic of the system as a whole.
Our review is based primarily on representative experimental works and numerical experiments. Some remarks anticipate results presented later in this paper. All of the phenomena considered in this section are listed in Table I , which also contains a brief description and evaluation of each.
Dynamic Instability of the System
Dynamic instability of the system is a typical phenomenon of group B. The general idea is that if the system under consideration is dynamically unstable. then any perturbation of the socalled steady sliding equilibrinIll position canses propagation of oscillations and occllrrence of high amplitude vibrations of the sy~ll·ms. These are called self-excited oscillations and are per-ceived as frictional noise 01' squeal. Different types of these vibrations have been studied experimentally by several investigators, including Soom and Kim (54, 55] , Ko and Brockley (36) , Shushan (10). Aronov, D'Souza, Kalpakjann.Shareef [6] . Dweib and D'Souza (241, and D'Suoza and Dweib (23) . A numerical study of this phenomenon was recently presented by aden and Martins (42] . who estimated the frictional stability of a rigid block sliding on a rigid surface by the analysis of eigenvalues of the linearized equations of motion of the system. This line of research is continued and extended in this paper. In particular. we study the mechanism of instability which is due to the coupling between normal and rotational vibrations of the slider in the presence of friction.
The detailed analysis of dynamic instability and self-excited oscillations will be presented in Section 7. Kato, Sato. and Matsubayachi [3:l) in the form:
where:
time of static contact.
IL, .
the static coefficient of friction.
µo . the static coellicient of friction at zero time of stick. IL,,,,, - the asymptotic value of the static coefficient of friction after long time of static contact .
..,. TIl -parameters.
However. more recent experimental works of Johannes. Green. and Brockley (30) and Richardson. Nolle [49] showed that the phellomena at.tributed to the time dependence of the static frictioll should rather bt' illlcrpret '.J ., 111 the prcscntation of thc experimental 1I'0rk thc ;ullllOrs did nol suggt'St any explanation of thc mechanism of the Ilhscl'I'ed pht'nOlllcnon, which is of a somewhat differcnt naturc than that of time dependencc of stalic friction.
It Sl'Cms that t Ill' most naturnl explanation is the \'iscoplastic growth of the arca of junct.ions due to combincd tangential and normal loads.
described within the purely plastic range by the early theory of jUlIction growth of BOII'den and Tabor [12] . Since • visco-e1asto·plastic deformations of asperities and wear de· bris, and z [µ] These jumps (see Fig. 2 ) at the very beginning of the sliding phase are significantly diffcrent from the normal oscillations ocCUlTing dlll'ing steady sliding. which usually do not cause loss of contact between the two surfaces. These jumps are important in that they providc strong initial impulse for the normal oscillations of the slider and thercby activate most of the other features of the dynamic friction. 
Normal Jumps of a Slider
Normal jumps of a slider represent a very specific feature of dynamic friction. They can occur in two typical situations:
• in the case of high-amplitude self-excited oscillations .
• at the very beginning of the sliding after the static contact of two surfaces (slip after stick).
Load dcpendence of the static coefficient of friction, apart from its significance in the purcly static friction. also produces certain additional effects in the case of dynamic friction or, more generally, whenever normal oscillations occur. It can bc inferrcd from the ilpproach-friction forcc curve and confirmed by numerical a!lalvsiõ f motion of the slider that. under constant mean normal load, the load dependcnce of µ, is the reason for the change in the apparent kinetic coefficient of friction in the presence of normal oscillations. In particular.
Jumps of the first kind, which are easily observed in many experiments on frictional vibrations (see, e.g., Ko and Brockley 136], Kato, et. al. [31.32) . and Aronov, et at. [5, 6) ) are caused by the growth of amplitudes of normal oscillations in the dynamically unstable cases. Jumps of the second kind were observed in the experiments of Grigol'ova, Tolstoi [28) . Tolstoi (58) (Fig. 3) .
illlerest in this paper, therc is no need for precise modeling of excitation due to imperfections of the surface and it suffices to model only the initial impulse, which triggers further self-excited vibrations of the slider. 
The dynamic interlocking of imperfections is a key factor in frictional sliding. This is not only because the interlocking strongly affects the frictional resistance of the interface, but also because it provides excitation of normal I'ibrations of the slider. It is this second role that we explore.
The first rescarcher II'ho had clearly shown the existence and importance of normal motion of a slider was Tolstoi [58] . Then this phenomenon was studied cxperimentally by Antoniou, et al.
[4], Soom and Kim [54.55) and Arotlol', et al. (6] . The explanation of the source of these vibrations as an interlocking of imperfections of the surface and the propositions of modeling this interlocking lI'ere presl'nted bv Anand and Soom [21. I.anchun et al. (37) and Soom and Chen (5:3) . Using the sinusoidal and quasi-random model of waviness of the surface and a simple model of the slider they simulated the dynamic effects observed in experiments.
It is important to observe that in the case of self-excited os· cillations the interlocking of imperfections provides the initial impulse for oscillations, but then vibrations reach a much higher level than those forced by waviness of the surface only (as in socalled steady sliding). Therefore. in this case. which is of primary
Constitutive
Relations for the Interface so that if mT = mN, this model represents the Coulomb friction law with µ =~. In terms of normal stress on the interface, the equation (3.4) can be rccast in the form
The constitutive equations of the interface applied in this work are based on the aden/Martins model and consist of two basic equations:
• normal interface law.
• friction law. (3.5) whcre it was assumed that Ii = 0 (static friction). One can easily observe that there are at least two ways of modeling load dependence of the coefficient of friction:
The normal response law is of the form (3,1 )
1. by considering IllT =1= I7lN. However, in this case, µ at loads decreasing to zero will either decrease to zero (for mT < mN) or grow to infinity (for nlr < m.v).
where UN is a normal stress, a is a normal approach (penetration) on the interface and Ii is its time derivative. This constitutive law corresponds satisfactorily to experimental observations at moderate loads as reviewed by Back, Burdekin and Cowley [7) .
The first term in this equation represents elastic response of the interface, while the second damping term models dissipation of energy during normal oscillations. As noted above. the nature of this dissipation is fairly complex and the term in ( 3.1) is only supposed to model the overall damping effect produced by the viscous properties of surface asperities, contaminants and lubricants. The coefficients bN, IN arc usually assumed to be constant -see Hunt and Crossley (29) and aden and Martins [42] . However. since the energy is dissipated mostly in the approaching phase of normal motion, it may be morc realistic to assllme bN dcpendent of thc phase of normal motion, e.g .. in the simple form: 2. by assuming lilT = inN and CT dependent on normal lo( or penetration).
This approach seems to be more general and will be used further in this work. (3.6) if I~I > (
where Another important observation is that within this model the value of friction force is /lol uniqnely defined in terms of displaceluents (in particular for zero slidin~velocitv). In ordpr to ami.: numerical difficulties resulting from that fact, the friction law is usually regularized [40. 42.43,60] . One of the possible regularized forms of the friction law is (for two-dimensional problems):
Damping terms of this form were studied in our prcviolls IVork [601·
Discretization
The second constituti\'e equation of the interface is the friction law of the form: 4.1 Rigid Body Model (3.3) if a~0 then leTTI~cT(a)mT and if a < 0 then eTT = 0 For the particula.r pin-on-disk appara.tus considered here, we uscd a relatively simple dynamic model consisting of three rigid bodies connected with elastic springs and linear dashpots. The applicat.ion of~lIch a modd is iustifipd in St'ction 5.
The model is prcsented in Fig. 5 and represents the experimental setup showll iu Fig. 6 . It consists of two rigid bodi~s A and C and a rigid frame F. Body A corrcsponds to the pin. body C represents the hcavy block on which the pin was mounted. and the rigid frame F represents the moving disk. The dimensions of each body are length L, height Ii, and thickness b (not all of these dimellsions are important in computations).
Each of the bodies has three ?cgrces of freedom: displacements of the center of mass 
CN
where d is a sliding velocity calculated as a time derivative of sliding distance, and index T refers to the direction tangential to the contact surface. The friction force is a function of the normal approach of the two surfaces which. in tum, depends on the normal force. The actual value of the static coefficient of friction can be expressed in the form: (4.2) wh~re uAX, Y, t) is the displacement of any point in the body, Ur(t), Uy(t) , O(t) are discrete displacements defined in the center of mass, and .x' Y is the reference position of the center of mass (of the given rigid body). Approximation of velocities and accelerations can be obtained by appropriate time differentiation of the above formula,
Semidiscrete Equations of Motion
Substituting discretization formulas (4.1) into the variational equation ano requirinµ; that it be sat.isfied for every combination of te~t functions [40. 42.43,60] . we obtain semidiscrete nonlinear equations of motion: .,s a rigid body, it differs from the standard rigid surface modpl, I,ecallse it is supported elastically and can move.
The initial configuration of our model is presented ill Fig. 5 . 
. ,JcJ
The stiffness matrix K is: Figure 6 : Schematic of an experimental pin-on·disk apparatus.
In order to consider different angles of attack, we permit a certain prescribed rotation 0 of the framc F. This rotation is assumed to be moderate in the sense, that cos '8 :::::1 and sin 0 ::::: 0.
Since the original pin uscd in the expcriment was of the circular cross-section, we allow variable distribution of thickness of the pin~(s),s
(this is important in calculations of response of the interface).
The approximation of displacements for each rigid body can be written in the form: 
where
C is the distance between centers of mass of pin
and block and 1\77 = 1';; + f\';-C!\'88 = 1\; + f{;-c, f{gg = f\f + gf}-c + f{:-c D2. (4.8) Since the disk is rigid, the additional stiffness matrix K IS zero and the additional damping matrix has only two non-zero 
Remarks on Methods of Solving The Equations of Motion
In the following sections. we apply the model developed in the first pal't of the paper to the analysis of frictional behavior (in particular, stability) of a typical pin-on-disk setup.
As the particular object of our analysis, we have chosen the apparatus employed by Aronov, D'Souza. Kalpakjian and Sharref The primary goal of our analysis is the further understanding of the nature of dynamic friction. In particular we aim to:
-identify alltl study the most important parameters affecting the occurrence of self-excited oscillations.
-study the nature of motion of the system in the sclfexcited zone.
which was obtained by the Householder method. The eigenvalues and eigenvectors of this systelll an:. due to nonsynunetry of matrices, complex quantities.
Presentation of Numerical Examples
The frictional behavior of the sliding system is determined by the transient numerical solution of the system of equations of motion (4.2) (4.11) where R -Rn is the infinitesimal increment of displacements,
M, e, C, K have the same meaning as in (4.2) and matrices
T can be calculated as derivatives at Rn:
The semidiscrete equations of motion, presented in the previous section, are-due to nonlinearities in the response of the interface--generally nonlinear. However, for the sake of analysis of infinitesimally small vibrations around a prescribed configuration of the system, defined by Rn = 0, Rn = 0, one can use the linearized version of (4.2):
Incremental Equations of Motion
In the above formulas s spans the "bottom" of the pin and rĩ 
Summary of Experimental Results
The detailed description of the cxperimental apparatus is pre· sented in the paper by Monov, D'Sonza, I\alpakjian and Sharref
[61. Here we will briefly present the basic components and a simplified sketch of the setup (Fig. 6) .
The apparatus consists of a rot.atin~iron disk (1), 200lllm in diameter, and strel pin (2) of diamclt:r !imlll. The pin is mounted on an elastic arm (3). fixed at one en (I. A heavy, rigid block (4) was fixed at the same end as the pin. The pin was not really fixed to the supporting arm-a force transducer was sandwiched between the piu and supporting <lrnt, so this t:Onnection did actually have some compliance.
During the experimcnt, the normal load was exerted on the pin by means of moment applied at the fixed end of the supporting arm. The iron disk was rotating at constant angular velocity, such that the average sliding spPed of tlw pin was equal [1 = 46cm/s.
The basic part. of the pxpprimenl. consisted of analysis of t.he evolution of the kinetic coefficient of friction and occurrence of self-excited oscillations at normal loads increasing from 0 to 200 N. The experimental results are shown in 7, which is a simplified version of Fig. 3 by Aronov. et al. [61. The figure presents a plot of the kinetic coefficient of friction versus the normal load on the pin. There are four regions on this plot (for dctailed description rpfer to [6] It is of importancc that the coefficicnt of friction plotted on Fig. 7 was not measured on the interface. but was estimated by measurements of displaccment of the end of the supporting arm. Therefore it can be considered to be an apparent or macroscopic coefficient of friction.
Analysis of the Stability of Frictional Sliding
The occurrence of self-excited oscillations is the consequence of dynamic instability of the system. that is. the situation in which In light of this observation, the crucial parameters in the anal· ysis of stability and self-excited oscillations are all parameters affecting normal and rotational vibrations of the system.
For the apparatus under consideration, the frequency of rotational oscillations of the slider depends primarily on the torsional stiffness of the supporting arm. On the other hand, frequencies of normal vibrations depend strongly on the stiffness of all elements between the slider (rigid block in Fig. 6 ) and the disk. Since the frictional interface is generally quite stiff, the compliance of the pin and of the connection between pin and block becomes extremely important. In the computational model presented in 
Basic Computational Model
The basic data corresponding to the parameters of the experimental apparatus are (notation corresponds to that of Section 4): In the above data BIG represents a big number so that the support of the disk (shaft, bearings) is considered. in the basic data set, to be rigid.
This was assumed here due to the lack of experimental data, but in further analysis this assumption will be relaxed. The material constants for the interface were calculated from the table presented by Back, Burdekin and Cowley [7] for the surface finish corresponding to that of disk and pin. These data 3.4)). The stiffness of connection between pin and block will be defined in the subsequent sections. In the basic set of data there is no damping in the system whatsoever.
Estimation of Stability via Eigenvalue Anal
YSls 6.2.1 The Algorithm
In the analysis of stability of frictional sliding we followed the general procedure used by Oden and tvlartins [42] . This procedure consists of two stages:
I. Assume that there are no vibrations of the slider (steady sliding) and find the equillibrium position in this state. This situation is. of course, idealized, since interlocking of the surface asperities provides permanent small perturbations of this equilibium position. If the system is dynamically stable, vibrations caused by this interlocking do not propogate but stay at a low level. perceived as a steady sliding (zone I in Fig.7) . If the system is, however. dynamically unstahle. after perturbation of the steady sliding equilibrium position the oscillations grow and reach high values corresponding to zone IV in Fig. 7 .
The stability of motion of the slider after perturbation of the steady sliding equilibrium position can be estimated by the transient analysis of equation (4.2) or. in a simplified version. byanal· ysis of the~tability of linearized equations of motion (4.13).
The laUeI' can be reduced 1.0 Note that at I\y~-C = 2.057x 10 6 kgs-2 the self-excited oscillations occur at loads greater than 185N, a case which corresponds well to experimental observations. This value of J\:-c was therefore included in the basic data set for the model of experimental setup. The detailed plot of frequencies of normal and rotational vibrations in this casc is presented in Fig. 10 .
The width of thc instability zone depends strongly on the cocC- I"coi "0 2 This zone is prescnted in logorithmic scale in Fig. 9 .
The analysis of eigcnvalues establishes the stability of the linearized small oscillations about the equilibrium position.
Note that this linear stability analysis gives only the initial estimate of the real behal'ior of the model, \\'hich is essentially nonlinear.
Due to the existence of damping and asymmetry of the milt rix
) thc eigcnvalucs of this problem are complex.
The dynamic stability of the linearized system is determined by the values of real parts of these eigenvalues. In general, three situations are possiblc: 8.100 co (angular frequency 2 of. slider) 8.Z00J'10 (6.5) CO (angular frequency)
1.200~""0 5
This numerical study leads to the conclusion that horizontal and rotational stiffucsses of a pin-to-block counection have virtually uo effect on natural frequencies of vibrations of the slider (pinblock assembly) and, therefore. on its frictional stability. How. 
This sensitivity of the range of self-excited vibrations to the frictional properties of the interface can explain the existencc. in the experimcntal observations. of the region of transient friction with periodic bursts of sclf-excited oscillations (zone III in Fig.   7 ). According to experimental researchers. in this zone "the mean value of friction force increases with time at a constant normal load" and "when the mcan friction force reached a sufficiently high value, a temporary burst of self-excited vibrations would occur and the friction force would infitalltly fall to a lower value( Aronov et aI. (6) ).
This observation is in perfect agrccment with the sensitivity of the range of the instability zone to the coefficient of friction. presented in Fig. 10 . To answcr this question we perturbed selected parameters of the system which, in our opinion, could affect dynamic stability of the frictional system. In particular, stndied were:
-stiffnesses l\'x~-cand J{O··I-C of a pin-to-block connection.
-stiffness of the disk support. In this case sell-excited oscillationfi of the pin and block occur independently and, at a ccrtain range of normal loads, there are actually two self-excited modes of differcnt frequencies. For more complex systems. this observation can be generalized to predict the whole spectrum of sclf-excited modes. each of them corresponding to differcnt noises generated by the systcm.
In the analysis prcsented so tar, the disk was assumed to be fixed in the axial direction (due t.o lack of relevant data). How· ever. in practical systems. the shaft and bearings have a certain compliance, so that thc disk can also vibrate during rotat.ion. 6.3 Transient Analysis of Self-Excited Oscillations (6.6) we obtained graphs of frequencies of normal vibrations of the disk and rotational vibrations of the slider presented in Fig. 12 and the zone of self-excited oscilJatiolls similar to previously pre- For example, Fig. 13 presents a history of the normal velocity of the block ohtained for the basic Sl't presented in Section 6.1. with the following additional parameters: Here. p, is the small initial perblllhation of the normal velocity of the block. e is a regularization paramet.er in the friction law and~t is an initial time step (automatically adapted during Figure 13 : Onset of self-excited oscill,ltions of the slider.
In this section a transient analysis of motion of the system after the onset of self-excited oscillations will be performed. The goal here is to model changes of the apparent kinetic coefficient of friction in the presence of self-excited oscillations, similar to thosl' observed in the experiment (Fig. 7, zone IV) .
The transient analysis was performed using the Newmark method, with the adaptive time stepping procedure presented by Od('n and Martins 142). Although the Newmark's algorithm is unconditionally stable, the basic time step ilt = 5.0l0-6 see was small enough to model all frequencies of the system, in particular, highfrequency vibrations of the pin: (order of 15 kHz).
As the first example we analyzed the motion of the model presented in section 6.1 with only two different parameters: before. This set of data. which will he l'ef('l'red to as the basic.
one, corresponds to the zone of self-excited oscillations (zone IV in Fig. 7 ).
The calculated history of horizontal displacements of the slider (which reflect the apparent friction force) is presented in Fig. 14.
The oscillations of the system grow and. after about .3 sec., the friction force temporarily drops. This reduction of the friction force occurs when the sliding of the pin turns into the microscopic stick-slip motion in phase with the rotational vibration of the slider. However, for this particular model the reduction of friction force is only temporary, which is lIot in agreement with experimental observations. The main reason is the lack of damping in the model. This allows strong high frequcncy vibrations of the pin itself. which interfere with the stick phase of the mi· croscopic stick-slip motion (thc stick contact is disturbed). The behavio:' of the system. however, changes significantly after introduction of a small damping into the system, in particular into the pin-to-block connection.
This change is illustrated in Fig. 15 . which presents horizontal displact'ments of the block after illt.rodn('in.~dalllflin~into t.he pinblock connection. The actual coefficients were equal to:
Cg1-C = 100 1 O.eoo. 0.600 with the necessary coefficients based 011 oLlwr sources.
In the first example we introduced damping on the interface by specifying in the interface constitutil'e la\\' (:3.1) The plot of calculated history of tangential displacements of the slider (which reflect the measured apparent fricion force) is presented in Fig. 19 . As the oscillations grow, the apparent coefficient of friction decreases and the final reduction of friction is more significant than in the case with no interface damping (15% as compared to 11%). Additional reductioll of friction force was also obtained when the coefficient of friction was assumed to be dependent on a norlllalload.
It was assumed that the coefficient of friction (defined in equation (3.5) ) changes linearly from 0.2:\ at zero normal force to 0.25 at normal load 200 N. For such data. the time history of the frictioll force is pr(?scnted in Fig. 20 . Again, the reduction of the wdficicnt of friction is more significant than in the basic case presented in Fig. 15 . nalllely 21% as compared to 11%. • occurrences of Slick-slip motion of the tip of the pin, which tl'nds to altl'r th" roliltiOllill fr('(I'IC'lIey of the slidpr (as in examples considered here),
• occurrence of normal jumps of the slider, which tends to alter its normal frequency.
Which of these mechanisms is actually activated depends on the mechanical characteristics of the system and sliding \'elocity. If it happens to be normal jumps of a slider, there is no miscroscopic stick-slip and, consequently, no perceptible drop of the apparent coefficient of friction (Fig. 5 in Aronov, et al. [6] ).
In the analysis presented so far, the model of the interface was relatively simple, with no interface damping and with the coefficient of friction independent of the normal load. As mentioned in Section 2, these phenomena can. in the presence of vibrations.
introduce additional changes to the coefficicnt of friction. For the system under consideration, neither the load dependence of the static coefficient of friction nor the amount of damping on the interface were kno\\'n. \\le present here a few illustrative exampl~.
history of the relatil'e sliding velocity on the frictional interface. The corresponding drop of opposed friction force can be clearly seen in this history plot of instantaneous friction force at the tip of the pin (Fig. 17) .
These results are in perfect qualitative agreement with experimental observations in the zone of self-excited oscillations.
However, the actual calculated reduction'of the mean value of the kinetic coefficient of friction with respect to steady state value is about 10%, which is much smaller than the experimental results of Fig It is important to ohser\'e that. in general, there seem to be two basic factors which limit the unstable growth of oscillations in the sclf-excited zone. Since t.he instahility is due to coupling bclwt.'ClI normal and rotational modes of the system, the growth of oscillations can be limited by mechanisms that alter one of the above frequencies. These mechanisms can be, in particular: .... 19 In the preceding sections we have analyzed the behavior of the system under the assumption that the angle of attack was equal to zero, which is to say that the surface of the pin is parallel to the surface of the disk prior to the application of loads. In the experiment, this condition was assured by bringing the pin into contact with a revolving disk at a small normal load and allowing it to run for a distance of approximately 12-15 km. This presliding was crucial for the reproductivity of results. The angles of attack different from zero were not analyzed experimentally.
In the numerical analysis, we also considered various angles of attack, ranging from _10°to +10 0 , where the positive angle corresponds to the clockwise rotation of the slider in Fig. 5 (in actual computation the prescribed rotation was actually imposed on the disk). These angles are within the range of applied theory.
in which it was assumed that sin 0;:::; 0 and cos 0;:::; I. At various angles of attack, the eigenvalue analysis was used to calculate forces corresponding to the onset of the self-excited oscillation and the stability and instability zones were defined for anglcs of attack ranging from -10°to +I0°and normal forces up to 500 N.
The results obtaineo are presented in fig. 21 . which also TIME Is) -r-O 1.000 , 0 .... sholl'S schematically th,~configuration of the slider in each of the presented zones. Generally the self-excited oscillations occur when the point of contact is ahead of the center of the mass of the slider. so that the slider "stumbles".
More precisely, in such a configuration the presence of friction on the interface is the reason for counterclockwise rotation of the slider, which leads to the growth of normal force due to inertia of the slider. This in 1.111'11 illcreases the friction force and causcs further rotation. This
The above examples show that various parametcrs of the interface and the system as a whole affect the final value of the coefficient of friction in the presence of self-excited oscillations. It can be expeded that a more accurate model of the system, a more realistic model of frictional interface and exact estimates of all involved parameters should provide better quantitative agreement between numerical and experimental results.
The above analysis focused on the modeling of the coefficient of friction only in the unstable zone, where the coupling between normal and rotational vibrations was the dominant source of vibrations. Analysis of the kinetic coefficient of friction in steady sliding will require proper modeling of vibrations due to the interlocking of surface asperities, which are the cause of vibrations in this zone. This problem will not be addressed here. we believe that much more precisc mathematical and numerical models will be required to achieve this agreement for a general classs of problems.
Identifying the mechanism of self-excited oscillations as the dynamic coupling of normal and rotational oscillations provides insight into the mechanism of self-excited vibrations and guidance in avoiding thcm in the design of sliding systems.
Although the model analyzed was relatively simple, the ob· servations and methods used in this work can be applied to the analysis of more complex systems. possibly discretized by the finite element method. In general. a variety of self-excited modes ('all be expected in more complex mechanical systems.
coupling between rotational normal motion is the mechanism of St~lf-excited oscillations,
On the other hand, if the point of contact is behind the center of the mass of the slider, the sliding is steady. The reason is that in this situation the rotation of the slider due to friction causes decrease of normal and friction forces, so there is no coupling between normal and rotational modes, An especially interesting zone is in the vicinity of the zero angie of attack. If this angle is exactly zero, the onset of self-excited oscillations corresponds to the normal force 185N. However, this value changcs drastically when the slider is rotated, so that at positive angles of attack greater than 0.005 0 , the sliding is steady at all analyzed loads. This sensitivity to the angle of attack is somewhat stronger than one would intuitively expect in this case (although no corresponding experimental evidence was found).
I1owe\'er. the present analysis is bas<.-don a simplified estimate of the stability of linearized infinitesimal rotations about the equilib. 
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It should be pointed out that the model of the interface (a generalization of the Oden/~Iartins model) was relatively simple, with a purely elastic normall'esponse and linear damping term reprc:;cnting dissipation effects on the interface. In future analyses. thc mol'l~general viscoplastic model of interface should be applied (possibly based on a micromecllanics analysis), These models should also be combined with appropriate descriptions of lubricants, which reduce the coefficient of friction on the interface alld introduce a considerable amount of damping.
The introductory analysis of the kinetic coefficient of friction in the self-excited wne confirms the observation that the differ· ellce between static and kinetic friction is not an intrinsic propt:rty of the interface, but also depends on the overall natme of the motion of the systems, in part.icular normal vibrations of the slider.
In 
